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Abstract 

Let A G GL{n,C) be a diagonal linear operator, with 
all eigenvalues satisfying \ai\ < 1, and M — (C"\0)/(A) 
the corresponding Hopf manifold. We show that any sta- 
ble holomorphic bundle on M can be lifted to a Gp- 
equivariant coherent sheaf on C", where Gp — (C*)' is 
a commutative Lie group acting on C" and containing A. 
This is used to show that all stable bundles on M are filtra- 
ble, that is, admit a filtration by a sequence Fi of coherent 
sheaves, with all subquotients Fi/Fi-i of rank 1. 
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1 Introduction 

In this paper we study the Hopf manifolds of form M = (C"\0)/(A), where 
A G GL{n,C) is a linear operator with all eigenvalues satisfying \ai\ < 
1 (such an operator is called a linear contraction). Deforming A to an 
operator A • Id, < |A| < 1, we find that M is diffeomorphic to 5^"^^ x 
(M/Z) = S'2"-i X S^. The odd Betti numbers of M are odd, hence M is not 
Kahler. This is the first example of non-Kahler manifold known in algebraic 
geometry. 

When A is diagonal and has form A = t ■ Id, M is elliptically fibered 
over CP"~^, with all fibers isomorphic to an elliptic curve Cr = C*/(r). In 
this (so-called "classical") case, the algebraic dimension is maximal possible. 
For arbitrary A, the algebraic dimension of M can reach any value from 
to n — 1. 

Algebraic geometry of Hopf manifolds, especially Hopf surfaces, is well 
studied ( ^<KJ\ . |K^ . [BM2] . [RMT] . |mT] V For dimM = 2, one has a good 
understanding of the geometry of holomorphic vector bundles on M ( |M2j ) . 
A typical stable vector bundle in this situation is non-filtrable, and actually 
contains no proper holomorphic subsheaves. 

For dime M > 2, geometry of holomorphic vector bundles is drastically 
different. In |Ve2j . it was shown that any bundle (and any coherent sheaf) 
on a classical Hopf manifold 

(C"\0)/(A-/d), n>2, 0<|A| <1 

is filtrable. In the present paper, we generalize this theorem to an arbitrary 
diagonal Hopf manifold. 

Theorem 1.1: Let A € GL{n,C) be a diagonal linear operator, with all 
eigenvalues satisfying \ai\ < 1, and M = {C"'\0)/{A) the corresponding 
Hopf manifold. Then any coherent sheaf F E Coh(M) is filtrable, that is, 
admits a filtration 

= Fo C Fi C ... C = F 

with rkFi/Fj_i ^ 1. 

Proof: Using induction, we can always assume that any sheaf F' with 
rkF' < rkF is filtrable. Then F is filtrable unless F has no proper coherent 
shubsheaf. In the lattter case, F is stable. Therefore. ITheor em 1.1 1 is implied 
by the following theorem, which is proven in Section El by the means of gauge 
theory. 
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Theorem 1.2: Let A £ GL{n,C) be a diagonal linear operator, with all 
eigenvalues satisfying \ai\ < 1, and M = {C"'\0)/{A) the corresponding 
Hopf manifold. We choose a locally conformally Kahler Hermitian structure 
on M as in Subsection 12.21 Let be a holomorphic bundle (or a reflexive 
coherent sheaf) which is stable with respect to this Hermitian structure.^ 
Then F is filtrable. 



Proof: See lRemark 6.41 ■ 



The proof of lTheorem 1.21 goes as follows. Using the Kobayashi-Hitchin 
correspondence on complex Hermitian manifolds (Section we show that 
any stable bundle on a diagonal Hopf manifold is equivariant with respect 
to a certain holomorphic flow ( [Corollary 4.4 ) . Taking a completion of this 
flow in GL(n,C), we obtain an abelian Lie group, which is isomorphic to 
(C*)' ( [Proposition 6.l| ). This allows us to treat stable holomorphic bundles 
(or reflexive sheaves) on M as objects in a category (C*)^-equivariant coher- 
ent sheaves on C"\0 ()R,emark 6.4|) . Then we show that all objects in this 
category are filtrable dTE eorem 6!5)) . 



2 Diagonal Hopf manifolds in Vaisman geometry 
2.1 An introduction to Vaisman geometry 

Definition 2.1: Let Af be a complex manifold, dime Af > 1, and M its 
covering. Assume that M is equipped with a Kahler form ujk, in such a 
way that the deck transform of M/M acts on {M,ujk) by homotheties. The 
form ojk defines on Af a conformal class by [ujk]- The pair (Af, [ujk]) is 
called locally conformally Kahler (LCK). A Hermitian form ujh on Af 
is called an LCK-form if it belongs to the conformal class [ujk]- 

Definition 2.2: Consider an LCK-manifold Af with an LCK-form ujh- A 
pullback of coh to Af is written as fcox, where / is a function and ujk is the 
Kahler form on Af . Therefore, dcuH = loh A 6, where = y is a 1-form on 
Af. Clearly, 9 is defined uniquely. Since 6 = dlog/, 6 is also closed. This 
form is called the Lee form of {M,ujh)- 

Remark 2.3: For a general Hermitian complex manifold {M,ujh), the Lee 
^For a definition of stability on Hermitian manifolds, see Section^ 
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form is defined as (F*ujh, where (F = I o d o I^^ is the twisted de Rham 
differential, and d*^* its Hermitian adjoint. It is not difficult to check that 
this definition is compatible with the one we used above. 

Definition 2.4: Let (M, w//) be a Hermitian complex manifold, dime M = 
n. Then ujh is called a Gauduclion metric iid*d'^*ujH = 0, or, equivalently, 

dd^Lo'lf^) = 0. 

Remark 2.5: In |Gaj . P. Gauduchon proved that such a metric on M exists 
and is unique, up to a constant multiplier, in any conformal class, provided 
that the manifold M is compact. 

Remark 2.6: On a compact LCK-manifold, this result translates into an 
existence of a unique metric with a harmonic Lee form 9. Indeed, d^*uJH = 9 
is always closed, hence the Gauduchon condition d*d^*u>H = is equivalent 
to d*9 = 0. 

Further on, we shall always fix a choice of a Hermitian metric on an 
LCK-manifold by choosing a Gauduchon metric. 

Definition 2.7: Let M be an LCK-manifold equipped with a Gauduchon 
metric ujh, ^ its Lee form and V the Levi-Civita connection associated with 
ujh- Assume that 9 is parallel: VO = 0. Then M is called a Vaisman 
manifold. 

Remark 2.8: According to Kamishima-Ornea ( |KOj ). a compact LCK- 
manifold M is Vaisman if and only if it admits a holomorphic vector field 
acting on M conformally, in such a way that its lifting to M is not an 
isometry of {M,u)k)- 

Remark 2.9: It is easy to see ( |D()) ) that the condition V9 = implies 
that the dual to 9 vector field 0" (called the Lee field) is a holomorphic 
isometry of M and acts on M by non-isometric conformal automorphisms. 
This gives the "only if" part of Kamishima-Ornea theorem. 

For further results, details and calculations in Vaisman geometry, the 
reader is referred to [00], [SD], [OVTI . [OV2] . [OV3] . 

Further on, we shall use the following lemma, which is proven in |Velj 
(see also |nV2] V 
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Lemma 2.10: Let M be a Vaisman manifold, 0" it Lee field, and S the 
complex holomorphic foliation generated by Denote by := d'^() the 
real (l,l)-form obtained as a d'^ = / o d o /"^-differential of the Lee field 6. 
Then ujq 0, and the null direction of loq is precisely S. 
■ 

Remark 2.11: Let be a real flat line bundle on M with the same 
automorphy factors as the Kahler form ujk (in conformal geometry, it is 
known as the weight bundle). Any non-degenerate positive section of 
Lk corresponds uniquely to a metric on M conformally equivalent to ujk, 
and the converse is also true. The Gauduchon metric gives a rise to a 
section fic of Lir. Consider L := Lk <Sir C as a holomorphic Hermitian line 
bundle, with a holomorphic structure induced from the flat connection on 
L = (giR C, and Hermitian structure defined by = const. Denote by 
Vc the corresponding Chern connection. Then loq is the curvature of Vc 

(IM], IM). 

2.2 LCK structure on diagonal Hopf manifolds 

The main examples of LCK and Vaisman geometries are provided by the 
theory of Hopf manifolds. 

Definition 2.12: Let A £ GL{n) be a linear transform, acting on C" with 
all eigenvalues satisfying \ai\ < 1. Denote by (A) C GL(n, C) the cyclic 
group generated by A. The quotient (C"'\0)/(j4) is called a linear Hopf 
manifold. If A is diagonalizable, (C"\0)/(^) is called a diagonal Hopf 
manifold. 

Remark 2.13: If one takes an arbitrary holomorphic contraction A instead 
of a linear contraction, one obtains the general definition of a Hopf manifold 
(see e.g. |Kalj . jKa2j for details). 

Remark 2.14: Izu Vaisman, who introduced the subject and studied the 
Vaisman manifolds at great length (see |Valj . |Va2j ) . called them the gener- 
alized Hopf manifolds. This name is not suitable because many Hopf mani- 
folds are not Vaisman. For linear Hopf manifolds, (C"'\0)/(yl) is Vaisman if 
and only if A is diagonalizable (see |()V3j ) . 
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Let A G GL{n,C) be a diagonal linear transform: 



ai 
a2 








(y.n 



\ai\ < 1 



Consider the Kahler metric ujk '■= —V—Tddip on C"'\0, defined using the 
Kahler potential <p : C"\0 — > M. The (f is defined via the formula 

^(ti,..,t„) = (2.1) 

where Pi := log|„,|-i C are positive real numbers which satisfy |aj|~^' = C 
for some fixed real constant C > 1, chosen in such a way that all Pi satisfy 
\Pi\ ^ 2, and ti are complex coordinates. By construction, A*(p = C^^tp. 
Indeed, 

A*ip{ti,...,tn) = ip{A{ti, ...,tn)) = ^|ait/» = C-V(ii, 

Therefore, ujk '■= — \/— 1 ddip is a Kahler form which satisfies A*lok = 
C~^a;ft'. This implies that the diagonal Hopf manifold (C"\0)/(A) is LCK. 
To see that it is Vaisman, we notice that the holomorphic vector field log A 
acts on (C"\0,LJ/^) conformally and apply the Kamishima-Ornea theorem 
(|Remark 2.8|) . 

We proceed with computing the Lee field for the Gauduchon metric on 
(C^yO) / {A) , equipped with a conformal structure defined by the Kahler form 
described above. 

Consider the action of the complex Lie group V{t) = e^"" generated by 
the holomorphic vector field v := Yli —ti^og By construction, V^(A) 

is a linear operator which can be written as ^e'^'l^tj. For A real, this 
operator multiplies by a constant (this is proven in the same was as 
one proves that A{ip) = C~^ip), and for A purely imaginary, V{X) preserves 
(p (this is clear). Therefore, := I{v) acts on (C"\0,a;x) by holomorphic 
isometrics. 

The corresponding moment map fj, : C"'\0 — > M is given by dfi = 
ujk{v'^, •). The latter differential form is written as 

[d(fip) -iv'^ = Lieyc (fip — d{(t'Lp -i v^). 



(2.2) 



The first term of the right hand side of 1)2. 2|) vanishes because v'^ acts on 
(C"\0) preserving ip and a complex structure. This gives 

LOxiv'^, •) = {dd^Lp) J t;'^ = —d{d^p J v^) = d{dp -i v) = log C • dip 
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(the last equation holds because dip -iv = Lie^, ip = log C ■ ip). We obtained 
that log{C)ip is the moment map for V{t) acting on {C'"'\0,ujk)- 

We obtained the following claim, which is well known in many similar 
situations. 

Claim 2.15: Let A C GL{n) be a diagonal contraction of C", with all eigen- 
values Oj satisfying \ai\ < 1. Consider a Kahler metric lok ■= —^/—Iddip 
on C"\0, where the Kahler potential (p is defined by the formula 1)2. and 
let V{t) = e^'" be the holomorphic flow generated by v := —U log 
Let v'^ := I{v) be the complex adjoint of v. Then e'*"'' C V{t), preserves the 
Kahler structure on C"\0, and the corresponding moment map is log{C)ip: 

d{logiC)ip)=LJkiv'',-). 



Consider the Hermitian form ujh = ^ on M = (C^\0) / (A) . The corre- 
sponding Lee form 6 is obtained via 

duJH = T = -OJR A log dip, 

hence 9 = The dual under u>h vector field (Lee field) is given by 9"^ = 
V, where v = log(C) — tj log |Qj| This is clear because v is dual to 
log{C)dip with respect to lok as lClaim 2. 151 implies, and ujh = 
This gives the following Proposition. 

Proposition 2.16: In assumptions of lClaim 2.151 consider the Hermitian 
form UJH = ^ on M = {C"'\0)/{A). Then the corresponding Lee field is 
given as 

9i = log{C)J2-t^^os\ai\-^■ (2-3) 

i ^ 

Moreover, ojh is Gauduchon. 

Proof: The equation ()2.3() is proven above. To see that loh is Gaudu- 
chon, it suffices to see that I^'I^jh constant. Indeed, from the definition of 
d* it follows easily that 

d*e = VQt9K 

However, 9"^ is Killing, because Lie^tt ip = Cip, Lie^tt ujk = Clok, and therefore 

Licgtt ^^H = Cuh — Cujh = 0. 
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By another definition of Killing fields, this means that 

for all vector fields X,Y. Taking Y = 0", and applying Liex{0^,0'^)u}jj = 0, 
we obtain 

As X is arbitrary, this implies Vgtt^" = 0. Therefore, [Proposition 2.16 



implied by the equation ujh{OK O ) = const, or, equivalently, 

ujK{0^,f ) = const -if. (2.4) 

Writing uk as 

- -3"^ 
UK = -V^dd^ = '^dtiAdti\tif^-^^, 

i 

and using 0" = log(C) — log |ai| we obtain 

UK{ei,f) = \og{CfY.^\og\a,\f\Uf'^- (2.5) 

i 

By definition, e~'°sl"'l^* = C, in other words, (3i = — Y'^ ^ . Plugging this 

log (li 

into (|2.5|1 . we obtain 



This proves Proposition 2.16 



3 Stable bundles on Hermitian manifolds 

3.1 Gauduchon metrics and stability 

Definition 3.1: Let M be a compact complex Hermitian manifold. Choose 
a Gauduchon metric in the same conformal class. ^ Consider a torsion-free 
coherent sheaf F on M. Denote by det-F its determinant bundle. Pick a 

Hermitian metric on a complex manifold of dimension n is called Gauduchon if 
9a(Lj"~^) = 0, where u is its Hermitian form l|Definition 2.4^ . On a compact manifold, a 
Gauduchon metric exists in any conformal class, and is unique up to a constant multiplier, 
see |Ga| . 
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Hermitian metric v on det and let be the curvature of the associated 
Chern connection. We define the degree of F as follows: 



where lo G A^'^(M) is the Hermitian form of the Gauduchon metric. This 
notion is independent from the choice of the Hermitian structure v in F . 
Indeed, if ip G C°°{M), then the associated curvature form is 

written as O' = O + ^^^jJ, and 



because u; is Gauduchon. 

If F is a Hermitian vector bundle, Qf its curvature, and the metric ly is 
induced from F, then G = Tip Qp. In Kahler case this allows one to relate 
the degree of a bundle with the first Chern class. However, in non-Kahler 
case, the degree is not a topological invariant — it depends fundamentally 
on the holomorphic geometry of F. Moreover, the degree is not discrete, as 
in the Kahler situation, but takes values in continuum. 

Further on, we shall see that one can in some cases construct a holo- 
morphic structure of any given degree A € M on a fixed C°°-bundle. In our 
examples, such holomorphic structures are constructed on a topologically 
trivial line bundle over a Vaisman manifold ({Remark 4.3|) . 

Definition 3.2: Let F be a non-zero torsion-free coherent sheaf on M. 
Then slope(F) is defined as 



The sheaf F is called 
stable if for all subsheaves F' C F, we have slope(F') < slope(F) 

semistable if for all subsheaves F' C F, we have slope(F') ^ slope(F) 
polystable if F can be represented as a direct sum of stable 
coherent sheaves with the same slope. 

Remark 3.3: This definition is stability is "good" as most standard prop- 
erties of stable and semistable bundles hold in this situation as well. In 
particular, all line bundles are stable; all stable sheaves are simple; the 
Jordan-Holder and Harder-Narasimhan filtrations are well defined and be- 
have in the same way as they do in the usual Kahler situation ( |LTlj . |Brj ) . 
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However, not all bundles are filtrable, that is, are obtained as successive 
extensions by coherent sheaves of rank 1. There are non- filtrable holomor- 
phic vector bundles on most non- algebraic K3 surfaces. 

3.2 Kobayashi-Hitchin correspondence 

The statement of Kobayashi-Hitchin correspondence (Donaldson-Uhlenbeck- 
Yau theorem) is translated to the Hermitian situation verbatim, following 
Li and Yau r|LY|). 

Definition 3.4: Let S be a holomorphic Hermitian vector bundle on a Her- 
mitian manifold M, and S K^'^{M) (gi End(-B) the curvature of its Chern 
connection V. Consider the operator A : K^'^{M) End(-B) — > End(i3) 
which is a Hermitian adjoint to h — > u 6, w being the Hermitian form on 
M. The connection V is called Hermitian-Einstein (or Yang-Mills) if 
A0 = const - Ids. 

Theorem 3.5: (Kobayashi-Hitchin correspondence) Let i? be a holomorphic 
vector bundle on a compact complex manifold equipped with a Gauduchon 
metric. Then B admits a Hermitian-Einstein connection V if and only if B 
is polystable. Moreover, the Hermitian-Einstein connection is unique. 

Proof: See [El, [Hil, [M- ■ 

4 Stable bundles on Vaisman manifolds 

Existence of the positive exact (l,l)-form cjQ) defined in lLemma 2.101 brings 
many consequences for algebraic geometry of the Vaisman manifolds (see 
e.g. |Velj and |()V2j ). One of these is the structure theorem for Hermitian- 
Einstein bundles of degree 0. 

The following result was stated and proven as Theorem 4.3, |Ve2j for 
positive principal elliptic fibrations, which admit a similar structure. These 
manifolds are not always Vaisman (e.g. Calabi-Eckmann manifolds are not 
Vaisman). However, the proof of this theorem can be repeated almost ver- 
batim in the Vaisman situation. 

Theorem 4.1: Let M be a compact Vaisman manifold, dime M > 2, and B 
a stable bundle of degree on M. Denote by S the 1-dimensional complex 
holomorphic foliation generated by the Lee field OK Then Q{v,-) = for any 
w G S. In particular, B is equivariant with respect to the complex Lie group 
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V{t) generated by 0", and this equivariant structure is compatible with the 
connection. 

Proof: Consider the map 

A : Ai'^(M,End(S)) — > End(S) 

defined in Subsection 13.21 By definition, is primitive, that is, satisfies 
AQ = 0. Then lTlieorem CTl is imphed by the fohowing proposition. 

Proposition 4.2: Let M be a compact Vaisman manifold, dime M > 2, 
B a Hermitian bundle with connection, and Q E A^'^(M, M) u{B) a 
closed skew-Hermitian real (l,l)-form. Assume that is primitive, that is, 
A0 = 0. Then e{v, •) = for any w E S. 

Proof: Rescaling the metric, we normalize the Lee form 9 so that \9\ = 1. 
Let 9, 9i, ...,9n-i be an orthonormal basis in A^''^(M), with 9 ^Ti, 9i ^ S"*-. 
Consider the form ()Lemma 2.10|) . This form is exact, positive, and has 
n — 1 strictly positive eigenvalues. Using the basis described above, we can 
write 



-I [9 ^9 + Y,0i^e^, ujq = -^/^ {^9ih9^ (4.i) 



where ujh is the Hermitian form of M (see |Velj . Proposition 6.1). 
In this basis, we can write as 

= ^{9i A Oj +9iA 9j) ® hij + ^{9i A Oi) ® ai (4.2) 

i^j i 

+ ^{9 A9i + e A9i)(S)bi + 9 A9(g)a, (4.3) 

i 

with bij, hi, tti, a E u{B) being skew-Hermitian endomorphisms of B. 

Let E := Tr(0 A0). This is a closed (2,2)-form on M. Then (jUSJ implies 

On the other hand, ^ Oj + a = A0 = 0, hence 



2 a' 
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Since u — > Tr(— n^) is a positive definite form on u{B), the integral 

(^/^)"HAw^-2 (4.4) 



M 

is non-negative, and positive unless bi and a both vanish everywhere. Using 
n > 2, we find that (|4.4I) vanishes, because loq is exact and H is closed. There- 
fore, bi and a are identically zero, which is exactly the claim of Proposition 4.2 
We proved [Theorem 4.11 ■ 

Remark 4.3: The results of lTheorem 4.11 can be applied to arbitrary sta- 
ble bundle on M using the following trick. Consider the line bundle L 
({Remark 2.11|) . Write the Chern connection on L as 

Vn = Vz-rwi — V — 1 0'^, 



'C = ^ triv 

where 9'^ = I{9) is the complex conjugate of 9 (see |Velj . (6.11)), and Vtriv 
is a trivial connection associated to the trivialization of L constructed in 
IHemark 2.111 Since d9'^ = lvq, L has a degree 6 := J ujq A uj^ ^ which 
is clearly positive (see (|4.1() ). Given A G M, denote by Lx a holomorphic 
Hermitian bundle with the connection Vtriv — V— 1 f^'^- Then Lx has degree 



5' 

A. We obtain that a Vaisman manifold admits a line bundle Lx of arbitrary 
degree A. Moreover, Lx is by construction y(t)-equivariant (the form 9^ is 
y(t)-invariant, as V{t) acts on M preserving the metric and the holomorphic 
structure). This brings the following corollary. 

Corollary 4.4: Let M be a compact Vaisman manifold, and B a stable 
bundle. Consider a complex holomorphic flow V{t) = e*^' generated by the 
Lee field 9K Then B admits a natural y(t)-equivariant structure. 

Proof: Tensoring B by Lx for appropriate choice of A G R, we obtain a 
stable bundle of degree 0. Then ITtieorem CD implies Corollary 4.4 ■ 



5 Stable bundles on Hopf manifolds and coherent 
sheaves on C" 

5.1 Admissible Hermitian structures on reflexive sheaves 

Definition 5.1: Let X be a complex manifold, and F a coherent sheaf on X. 
Consider the sheaf := TComQ^{F, Ox)- There is a natural functorial map 
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Pf : F — > p** _ 'pj^g sheaf F** is called a reflexive hull, or reflexization, 
of F. The sheaf F is called reflexive if the map pp '■ F — > F** is an 
isomorphism. 

Remark 5.2: For all coherent sheaves F, the map pp* : F* — > jp*** jg 
an isomorphism ( |OSSj . Ch. II, the proof of Lemma 1.1.12). Therefore, a 
reflexive hull of a sheaf is always reflexive. 

Reflexive hull can be obtained by restricting to an open subset and taking 
the pushforward. 

Lemma 5.3: Let X be a complex manifold, F a coherent sheaf on X, Z a 
closed analytic subvariety, codimZ ^ 2, and j : {X\Z) ^ X the natural 
embedding. Assume that the pullback j*F is reflexive on {X\Z). Then the 
pushforward j^:j*F is also reflexive. 

Proof: This is [OHHj, Ch. II, Lemma 1.1.12. ■ 

Remark 5.4: From ILemma 5.31 it is apparent that one could obtain a 
reflexization of a non-singular in codimension 1 coherent sheaf F by taking 
j*j*F, where j : {X\Z) ^ X the natural open embedding, and Z the 
singular locus of F. 

Using the results of |BSj . we are able to apply the Kobayashi-Hitchin 
correspondence to reflexive sheaves. 

Definition 5.5: |BSj Let F be a coherent sheaf on M and V a Hermi- 
tian connection on F defined outside of its singularities. Denote by Q the 
curvature of V. Then V is called admissible if the following holds 

(i) A0 € End(F) is uniformly bounded 

(ii) |0p is integrable on M. 

Theorem 5.6: |BSj Any torsion-free coherent sheaf admits an admissible 
connection. An admissible connection can be extended over the place where 
F is smooth. Moreover, if a bundle B on M\Z, codimc Z ^ 2 is equipped 
with an admissible connection, then B can be extended to a coherent sheaf 
on M. m 
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A version of Donaldson-Uhlenbeck-Yau theorem exists for coherent she- 
aves (jTheorem 5.7\i : given a torsion- free coherent sheaf F, F admits an 
admissible Hermitian-Einstein connection V if and only if F is polystable. 

Theorem 5.7: Let M be a compact Kahler manifold, and F a coherent 
sheaf without torsion. Then F admits an admissible Hermitian-Einstein 
metric is and only if F is polystable. Moreover, if F is stable, then this 
metric is unique, up to a constant multiplier. 
Proof: (HS], Theorem 3. ■ 

This proof can be adapted for Hermitian complex manifolds with Gaudu- 
chon metric. 

5.2 Hermitian-Einstein bundles on Hopf manifolds and ad- 
missibility 

Theorem 5.8: Let M = (C"\0)/(y4) be a diagonal Hopf manifold, n ^ 3, 
and B a stable holomorphic bundle on M of degree 0. Denote by B the pull- 
back of B to C"\0. Then B can be extended to a reflexive coherent sheaf F 
on C"'. Moreover, F is y(t)-equivariant, where V{t), is the complex holo- 
morphic flow on C" generated by the Lee field 0" = log(C) —ti log 

Proof: Consider a Hermitian-Einstein metric on B, and lift it to B. 
Denote by Q the curvature of i?. To extend B to C", we apply the Bando-Siu 
theorem (jTheorem 5.6|) . We need to show that B is admissible, in the sense 
of IDefinition 5.5l The Kahler metric ujk on C" is conformally equivalent to 
that lifted from M, hence A0 = (this condition means that is orthogonal 
to the Hermitian form pointwise, and therefore it is conformally invariant). 
To prove that B is admissible, it remains to show that is square-integrable. 
The function |0p can be expressed, using the Hodge-Riemann relations, as 
follows. 

Lemma 5.9: Let Bi be a Hermitian bundle on a Hermitian almost complex 
manifold Mi, of dimension n, and 



ly G A^'\Mi,5u{Bi)) 



a su(i?i)-valued (l,l)-form satisfying A(z^) = 0. Then 




n — 1 



(5.1) 



2n 
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where 

A : AP'\Mi,su{Bi)) ^ AP-^''^-\Mi,5u{Bi)) 
is the standard Hodge operator on differential forms. 

Proof: An elementary calculation, and essentally the same as one which 
proves the Hodge-Riemann bilinear relations (see e.g. pSj ). ■ 

Remark 5.10: The equation (|5.1() can be stated as 

Vol(Mi) = -V^ .J"'^^, Tr(z. A A (5.2) 



2n • 2" • n! 

where lo is the Hermitian form on Mi, and Vol(Mi) the Riemannian volume. 

1 , ,n 



This is clear from the definition of A and the relation Vol(Mi) = i^^oj^. 



Using 1)5. 2() . we obtain that L^-integrability of G is equivalent to inte- 
grability of the form 

TV(e Ae) Al^^^2^ (5.3) 

The form Q is by construction ^-invariant, and lok satisfies A*{ujk) = 
cu)K because M is LCK. Therefore, the form (|5.3|1 is homogeneous with 
respect to the action of A: 

A* (Tr(G A G) A = c"-^ Tr(G A G) A w^'^, c < 1. (5.4) 

Denote by D the fundamental domain for {A), 

D:={xe C"\0 I 1 ^ p{x) < C} 

Then C"\0 = njgzA*(_D). To check that G is L^-integrable in a neighbour- 
hood of 0, we need to show that the series 



y \e\^Yol = -V^ "~ , y / Tr(Q A Q) A u;;. 



n-2 



converges. However, by homogeneity, the latter integral is power series, 
and ()5.4() implies that it converges whenever n > 2. We have shown that 
B is admissible. Now, Bando-Siu theorem ({Theorem 5.6|) implies the first 
assertion of lTheorem 5.81 The second assertion is implied immediately by 

ILemma 5.31 Indeed, let (C"\0) ^ C" be the standard embedding. Then 
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F = ji^B (jLemma 5 .31) . By Corollary 4.4 B is y(t)-equivariant. Then j^B 
is also l/(t)-equivariant. ■ 

Remark 5.11: Using the Bando-Siu version of Donaldson-Uhlenbeck-Yau 
theorem, we can extend iTheorem 5. 81 verbatim to reflexive coherent sheaves. 

6 Equivariant sheaves on C" 

6.1 Extending y(t)-equivariance to (C*)'-equivariance 

Let M = (C"\0)/(^) be a diagonal Hopf manifold, and V{t) = e^^", t G C 
the holomorphic flow generated by the Lee field 6"^ as above. Then V{t) acts 
on M by holomorphic isometries ( |K()j ). Consider the closure G of V{t), 
t € C, within the group Iso(M) of isometries of M. Denote by G the the 
lifting of G to Aut(M) ([DH], HHSj). By construction, G is the smallest 
closed Lie subgroup of GL{n, C) containing V{t) and A. It is easy to check 
that G is a reductive complex commutative Lie group. A similar result is 
true for all Vaisman manifolds. 

Proposition 6.1: For any Vaisman manifold M, let 9^ be its Lee field, G 
the closure of the corresponding complex holomorphic flow within Iso(M), 
and G its lift to Aut(M). Then G = (C*)^, and the deck transform map 

7 E Aut(M, M) lies in G. 

Proof: This is |nV2] . Proposition 4.3.. 

Proposition 6.2: In assumptions of lTheorem 5.81 consider the action of the 
group V{t) on r(C",F). Consider the adic topology on Oc" and r(C",F), 
with lim/j — > as [/j]o — > oo, where [fi]o denotes the order of zeroes of 
/j in G C". Clearly, V{t) is continuous in adic topology. Let Gp he the 
closure of F(t)-action on r(C",F) x Ocn in adic topology. Then 

(i) The natural map Gp GL{F/mF) x GL(m/m^) is injective, where 

m is the maximal ideal of in Oc"- 

(ii) Gp is a closure of V{t) under the natural map V{t) — > GL{F/m.F) x 

GL(m/m2). 

(iii) Consider the natural projection Gp -—>■ G induced by 

GL{F/mF) X GL{m/m'^) — > GL{m/m^). 
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Then tt satisfies g{af) = TT{g){a)g{f), for any / G r(C",F), a G Oc- 
g £ Gp- This gives a Gi^-equivariant structure on F. 



(iv) The group Gj? is isomorphic to (C 



Proof: [Proposition 6.2| (i) is clear from Nakayama's lemma. [Proposition 6.2 



(ii) is immediately implied by [Proposition 6.2[ (i) . [Proposition 6.2[ (iii) fol- 
lows from [Proposition 6.2[ (ii) and y(t)-equivariance of F. 

To prove |Proposition 6.2[ (iv), we use [Proposition 6.2[ (ii), and notice that 
Gp is commutative as a closure of a 1-parametric group within a Lie group 
GL{F/mF) X GL{m/m^). To show that Gp = (C*)', we need to prove that it 
is reductive, that is, to show that V{t) acts diagonally on (F/mF) x (m/m^). 

The group V{t) acts on M holomorphically and conformally. Since the 
Hermitian-Einstein metric on B is unique, up to a constant multiplier, the 
group V{t) acts on B also conformally. Then, V{t) acts conformally on the 
Hermitian space T(B£n,F) of holomorphic sections of F on an open ball 
B£n C C" and on T{Bcn,Oc"-)- Since orthogonal matrices in finite dimen- 
sion are diagonalizable, V{t) acts diagonally on any finite-dimensional sub- 
space in r{Bcn, F) X r(i?c", Oc") preserved by V{t). Using the same classi- 
cal Poincare-Dulac argument as used in the proof of Theorem 3.3 in |UV3j . 
we find that T{Bcn,F) x T{Bcn, Oc") contains a dense (in appropriate, e.g. 
m-adic topology) subspace which is generated by finite-dimensional V{t)- 
invariant subspaces. Then l/(t)-action on the space r(i?c" , F) xT{Bcn , O^n ) 
is diagonal in a dense subspace. Therefore, this action is diagonal on its quo- 
tient (F/mF) X (m/m^). We proved [Proposition 6.2[ (iv). ■ 



Remark 6.3: Using the Bando-Siu version of Donaldson-Uhlenbeck-Yau 
theorem fsee lRemark 5.lT|) . we can extend Proposition 6.2 verbatim to re- 
flexive coherent sheaves. 

Remark 6.4: Denote by the complex manifold C"\0. Given a Gp- 
equivariant coherent sheaf on C", we can obtain a coherent sheaf on C^/{A). 
Indeed, coherent sheaves on C^/{A) are the same as (A)-equivariant sheaves 
on C", and (A) lies in G as [Proposition 6~T1 implies. Therefore, to prove 
the filtrability of a stable bundle B on M = (C")/(A), it suffices to show 
that the corresponding GiT'-equivariant coherent sheaf F is filtrable on 
in the category Cohj=,^(C") of Gi?-equivariant coherent sheaves. Then, the 
following theorem proves [Theorem 1.21 

Theorem 6.5: Let Gp = (C*)' be a commutative Lie group, acting on C" 
via a homomorphism Gp GF(C,n), and Coh^ (C") be the category 
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of Gi?-equi variant coherent sheaves on C". Assume that ti{Gf) contains an 
endomorphism with all eigenvalues < 1. Then all objects of Cohj^^(C") are 

filtrable by GiT'-equivariant coherent sheaves of rank at most 1. 
We prove rriieorem 631 in Subsection 16.21 

6.2 (C*)'-equivariant coherent sheaves on C"\0 
We work in assumptions of lTheorem 6.51 

Lemma 6.6: Let R £ Coh^^(C") be a Gi?-equivariant coherent sheaf over 

:= C^yO. Then R is generated over Ocj by a finite-dimensional Gp- 
invariant space V C r(i?, C"). 



Proof: The images of C* are dense in Gp = (C*) . Therefore, there 
exists an embedding C* ^ Gp acting on with all eigenvalues diff'erent 
from 1. This action can be written as 



t'^i 
t''^ 





where all ki are integers different from 0. Clearly, fi acts on C" freely in 
generic point, and the quotient C"///(C*) is well defined. This quotient is 
known as a weighted projective space, denoted by CP"^^(A;i, k2, ■■■kn), 
and it is a projective orbifold. To give a //-equi variant coherent sheaf on 
C" is by definition the same as to give a coherent sheaf on the orbifold 
CP^^^{ki, k2, ■■■kn). Let Rq be the sheaf on CP'^^^{ki, /c2, ■■■kn) correspond- 
ing to R, considered as a /U-equivariant sheaf on C". The sections of Ro(SiO{i) 
correspond to the sections of R on which ^(C*) acts with the weight i. We 
obtain a sequence of finite-dimensional subspaces 

r{Ro^o{i)) c r(i?). 

Since 0(1) is ample, the sheaf Rq 0{N) is globally generated for suf- 
ficiently big (here we use the Kodaira-Nakano theorem for orbifolds, |Baj ) . 
Then (Bi^N^iR^ ® ^^(0) ^i^l generate T{R) over Ocj- Since Gp commutes 
with /i(C*), the space T{Rq (gi 0{i)) C T{R) is GjT'-invariant. This proves 
ILemma 6.61 ■ 
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Now we can prove the filtrability of arbitrary R £ Coh|^^(C"). By 
ILemma 6.61 for any R G Coh(=,^(C"), there exists a surjective GiT'-equivariant 
map Ri — > R — > 0, where Ri = Ocj <^c W, and W is a finite-dimensional 
representation of Gp- Since Gp is commutative, W = (BWi, where Wi are 
G_p-invariant 1-dimensional subspaces of W. This gives an epimorphism 

e(Ocj ^VFi) 

where ah the summands C'cj'^^i cire G^^-equivariant hne bundles. Then, R 
is clearly filtrable within Coh^^ (C!^) . This proves [Theorem 6.51 ITheorem 1.21 
is also proven. ■ 

Acknowledgements: I am grateful to Ruxandra Moraru who posed 
the problem, and Dmitry Novikov for a private lecture on normal forms and 
the Poincare-Dulac theorem. 
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